Abstract. In this paper, we will prove that given a lattice simplex with its h * -polynomial 
Introduction
A lattice polytope is a convex polytope all of its vertices belong to the standard lattice Z d . Let P ⊂ R d be a lattice polytope P of dimension d. Given n ∈ Z >0 , we consider the number of lattice points |nP ∩ Z d | contained in the n-th dilation of P . Ehrhart [4] proved that |nP ∩ Z d | can be expressed by a polynomial in n of degree d for each n, denoted by E P (n). This polynomial E P (n) is called the Ehrhart polynomial of P . Moreover, the generating function of |nP ∩ Z d | becomes the rational function which is of the form
where each h * i is an integer. The sequence of integers h * (P ) = (h * 0 , h * 1 , . . . , h * d ) is called the h * -vector (or δ-vector ) of P , and the polynomial h * P (t) = h * 0 + h * 1 t + · · · + h * d t d is called the h * -polynomial (or δ-polynomial ) of P . We call the degree of the h * -polynomial of P the degree of P , denoted by deg(P ). Note that the degree of a lattice polytope is at most the dimension of polytope. This implies that lattice polytopes having degree at most d are a kind of generalization of lattice polytopes of dimension d.
On the h * -vector h * (P ) = (h * 0 , . . . , h * d ) of a lattice polytope P of dimension d, the following facts are well know.
• We have
• Some of h * i has a simple description in terms of P , e.g., • Each h * i is nonnegative ( [13] ).
). For more details on Ehrhart polynomials and h * -vectors, consult e.g., [3] .
One of the most important problems in Ehrhart theory is the characterization of the polynomials that are the Ehrhart polynomials of some lattice polytopes. Since the Ehrhart polynomial and the h * -vector are equivalent, i.e., we can know another one once we know the one, we can rephrase this problem as follows:
of nonnegative integers that are the h * -vectors of some lattice polytope of dimension d.
It is easy to see that (1, a) is always the h * -vector of some lattice polytope of dimension 1 for any nonnnegative integer a. The case of d = 2 is highly non-trivial, but the following is known:
. Then one of the following conditions is satisfied:
We can see that the converse of Theorem 1.2 is also true, i.e., we can construct a lattice polytope of dimension 2 whose h * -vector is equal to (1, h * 1 , h * 2 ) for each (h * 1 , h * 2 ) which satisfies one of the conditions (1), (2) and (3) As a generalization of Theorem 1.2, the following is also known:
. Let P be a lattice polytope of degree at most two with its h * -polynomial h * P (t) = 1 + h * 1 t + h * 2 t 2 . Then one of the following conditions is satisfied:
It is proved in [5, Proposition 1.10] that the converse of Theorem 1.3 is also true. Note that the inequality h * 1 ≥ h * 2 of Theorem 1.2 comes from (1.1), while it does not appear in Theorem 1.3 since the dimension may be greater than two.
Moreover, as a further generalization of Theorem 1.3, the following is proved:
. Let P be a lattice polytope with its h * -polynomial
Then one of the following conditions is satisfied:
and h * 2 = 1. In [2] , the inequalities (1), (2) and (3) are called universal because those are valid independently of both the dimension and the degree of lattice polytopes. A proof of Theorem 1.4 is based on the idea of spanning polytopes developed in [11] .
The motivation to organize this paper is to find a new kind of universal inequalities or universal conditions. Definition 1.5. We say that a sequence (a 0 , a 1 , . . . , a k ) of nonnegative integers satisfies degree k condition if there exists a lattice polytope P of degree at most k such that
, we see that (h * 0 , h * 1 ) satisfies degree 1 conditions. Moreover, Theorem 1.4 says that the assumption "h * 3 = 0" implies degree 2 condition of (
Note that the assumption h * 3 = 0 is necessary for degree 2 condition. See [2, Example 1.5]. Hence, it is natural to think of the assumptions which imply degree k condition for
The main result of this paper is the following:
As an immediate corollary, we obtain the following:
. . , h * k ) satisfies degree k condition. A brief organization of this paper is as follows. First, in Section 2, we prepare a material which we will use in the proof of the main results. Next, in Section 3, we give a proof of Theorem 1.6. Finally, in Section 4, we show that the condition h * k+1 = h * k+2 = · · · = h * 2k−1 = 0 of Theorem 1.6 is necessary for degree k condition. See Proposition 4.3.
Preliminary
First of all, we prepare some tools for the computation of h * -vectors of lattice simplices. Let ∆ ⊂ R d be a lattice simplex of dimension d and let v 1 , . . . , v d+1 ∈ Z d be the vertices of ∆. We use the usual notation [d + 1] := {1, . . . , d + 1}. We define
We see that Λ ∆ is a finite abelian group by its addition
We collect the notation concerning Λ ∆ which we will use.
•
∆ . The h * -polynomial of ∆ can be computed as follows:
See [3, Corollary 3.11].
• For α ∈ Λ ∆ , let supp(α) = {i ∈ [d + 1] : α i > 0} and let |α| = |supp(α)|.
• For Γ ⊂ Λ ∆ , let supp(Γ) = α∈Γ supp(α).
We observe that for any α ∈ Λ ∆ , we have
In fact, ht(α) + ht(−α) = i∈supp(α)
A proof of Theorem 1.6
Fix an integer k with k ≥ 3. In what follows, we consider a lattice simplex ∆ with its h * -polynomial i≥0 h * i t i satisfying h * k+1 = · · · = h * 2k = 0. Namely, we have Λ
Hence ht(−α) ≥ 2k + 1 by our assumption. Let m denote the order of α, i.e., mα = 0. Note that −α = (m − 1)α. Take any 1 ≤ j ≤ m − 1. Then we see that
On the one hand, ht(α) = h ≤ k. On the other hand, ht((m − 1)α) ≥ 2k + 1. This means together with ht(jα) ≤ ht((j − 1)α) + k that there is 1 < j < m − 1 with k + 1 ≤ ht(j α) ≤ 2k, a contradiction.
Lemma 3.2. Let Λ = {α ∈ Λ ∆ : ht(α) ≤ k}. Then the following statements hold:
Proof. (a) In general, one sees that ht(α + β) ≤ ht(α) + ht(β) for α, β ∈ Λ ∆ . Since ht(α + β) ≤ 2k for any α, β ∈ Λ , one has ht(α + β) ≤ k. Thus, α + β ∈ Λ . Moreover, we see from Lemma 3.1 that one has ht(−α) = |α| − ht(α) ≤ k for α ∈ Λ . Hence, −α ∈ Λ . Clearly, 0 ∈ Λ since ht (0) 
Our goal is to show that Λ ∆ = Λ . Clearly, we have Λ ⊂ Λ ∆ , where we regard Λ ∆ as a subgroup of Λ ∆ . We prove that for any
i.e., |α| ≥ 4k + 2. Now, Lemma 3.2 (b) says that |γ| ≤ 4k − 1 for any γ ∈ Λ . Since |α| ≥ 4k + 2 > 4k − 1, one sees that supp(α) ⊂ supp(Λ ). Since supp(Λ ) = supp(Λ ∆ ), we conclude that α ∈ Λ ∆ , as required.
4.
Examples showing that h * k+1 = h * k+2 = · · · = h * 2k−1 = 0 is necessary We will provide the example which shows that Theorem 1.6 is not true if we drop the assumption h * j = 0 for each k + 1 ≤ j ≤ 2k − 1 (Proposition 4.3). We recall a useful construction of lattice polytopes. Let P ⊂ R d and Q ⊂ R e be lattice polytopes. We define the join of P and Q:
where 0 d (resp. 0 e ) denotes the origin of R d (resp. R e ). Note that P Q is a simplex if and only if so are P and Q. It is known from [5, Lemma 1.3] that Lemma 4.2. For any prime number p with p ≥ 5 and integers i, j with 2 ≤ i < j, there exists no lattice polytope whose h * -polynomial is 1 + t i + (p − 2)t j .
Proof. Suppose that there is a lattice polytope P with h * P (t) = 1 + t i + (p − 2)t j . Since the linear term of h * P (t) vanishes, P must be a simplex. Now, [9, Theorem 1.1 (a)] says that the h * -polynomial with a prime normalized volume should satisfy h * i+1 = h * s−i for any i = 0, 1, . . . , s, where s is the degree of lattice polytope. However, since p ≥ 5, this never happens, a contradiction. 
Proof. When j ≥ k + 2, let a = j − k and b = k. Note that 2 ≤ a ≤ k − 1. Then Lemma 4.1 says that there exists a lattice simplex ∆ with its
where we let p be a prime number with p ≥ 5. Therefore, by Lemma 4.2, this h * -polynomial enjoys the required properties.
In the case j = k + 1 and k ≥ 4, there exists a lattice simplex ∆ with its h * -polynomial 1 + t 2 + (p − 2)t k−1 + (p − 1)t k+1 by Lemma 4.1, where we let p be a prime number with p ≥ 5, and this h * -polynomial enjoys the required properties by Lemma 4.2.
In the case j = k + 1 and k = 3, consider the lattice simplex conv(0, e 1 , . . . , e 4 , e 1 + 4e 2 + 7e 3 + 8e 4 + 9e 5 }) ⊂ R 5 .
Then the h * -polynomial of this simplex is equal to 1 + 2t 2 + 4t 3 + 2t 4 . Since (1, 0, 2, 4) does not satisfy degree 3 condition by Lemma 4.2, we conclude that this h * -polynomial enjoys the required properties.
Proposition 4.3 says that we cannot drop the assumption h * j = 0 in Corollary 1.7 (Theorem 1.6, too) for any k + 1 ≤ j ≤ 2k − 1.
Remark 4.4. There exists a lattice simplex ∆ of dimension 3k − 1 such that h * ∆ (t) = 1 + t k + t 2k for any k ≥ 2. In fact, we may set ∆ = conv({0, e 1 , . . . , e d−1 , 2(e 1 + · · · + e d−1 ) + 3e d )}), where d = 3k − 1 and e 1 , . . . , e d denote the unit vectors of R d . Moreover, we see from [7, Section 4.2] that this is the only lattice simplex of dimension 3k − 1 up to unimodular equivalence whose h * -polynomial is 1 + t k + t 2k . On the other hand, we see that this h * -vector is shifted symmetric (see [8] ), i.e., h * i+1 = h * d−i for each 0 ≤ i ≤ d−1. Thus, the h * -polynomial of every face of ∆ is 1 by [8, Theorem 2.1].
Therefore, Theorem 1.6 is not true under the assumption h * k+1 = · · · = h * 2k−1 = 0, i.e., the assumption h * 2k = 0 is necessary. However, Corollary 1.7 might be still true even if h * 2k = 0. In fact, 1 + t k is a possible h * -polynomial of a lattice simplex ∆ 1,k .
Future Questions
Finally, we suggest two questions: Question 5.1. Let P be a lattice polytope with h * P (t) = i≥0 h * i t i . Assume that h * k+1 = h * k+2 = · · · = h * 2k = 0. Then does (h * 0 , h * 1 , . . . , h * k ) satisfy degree k condition? Question 5.2. Let ∆ be a lattice simplex with h * ∆ (t) = i≥0 h * i t i . Assume that h * k+1 = h * k+2 = · · · = h * 2k−1 = 0. Then does (h * 0 , h * 1 , . . . , h * k ) satisfy degree k condition? Is this also true for polytopes?
